Stochastic Processes nctuee09f

Homework 3

Solutions

Problem Assignments

1. (10 points) Note that for a > z, and since = > 0,

o = (a—x)?+20x—2

> (a—x)? + 227 — 2?

= (a—x)?+22

2

Therefore,

2. (10410=20 points)
(a) The ML rule states the following decision

a=1

fy(y,a =1) 2 fy(Y‘Of =—1).

a=-—1
After certain manipulations, the maximum likelihood decision rule is
a=1
y’h = 0.
a=-—1

And, the probability of error is

- (141).

(1)

Note that the error probability depends on the ratio of the signal energy

Ey = ||h||? and the noise power N7 =02

, commonly referred to as the signal

to noise ratio (SNR). So, in the literature of communications theory, we often

see

P.=Q (V2E,/No).

(b) Adding one more hypothesis complicates the problem a little bit. The like-

lihood function for each value of « is as follows:

1
Lla=1 ——|ly = h|?
(a=1ly) exp( 552 1Y H)
L(a = 0ly) L llylI?
a=0]y) o« exp 552 y

1
La=-1y) x o (~gly+hl?).



where the multiplicative constant is omitted. The maximum likelihood prin-
ciple requires us finding the « that is maximal among the three. So, the
detector chooses @ =1 if L(aw = 1|y) > L(a =0|y) and L(a = 1ly) > L(a =
—1|y). Likewise for choosing & = 0 and & = —1. With some algebraic efforts,
we have the following decision rule:

1
a=1 it y"h> bl
1 1
a=0 it —S[Ih]* <y"h < S|h|?
2 2
1
a=—1 if yTh§—§||h||2.

To compute the error probability, we need
1
Plerrorja =1] = P {yTh < §Hh\|2’a = 1}

= P [(h+z)Th < ;||h||2]
()

1 1
Plerrorja=0] = 1-P [—2||h||2 <yTh < 5||h||2(a - 0}

and

1 1
= 1P| 5lP <2< GnP

- o)-o(8)
()

We also need Plerror|a = —1], which is equal to Plerror|a = 1] by symmetry.
So, the probability of error is

P, = Plerror|a = 1]P[a = 1] 4+ Plerror|aw = 0] P[a = 0] + Plerror|a = —1]P|a

= pl‘Q(”J;H)+2p0'Q<H2};H>+(1—pO—p1)-Q(H2};H>
@ ().

where pg, p1, and 1 — pg — p1 are the prior probabilities of &« = 1, o = 0,
and o = —1, respectively. When the prior probabilities are equal, the error

probability is
4 (Il
P, = - — .
3Q ( 20

3. (10 x4 = 40 points) This problem intends to let you have a taste of what “space-
time coding’ is about in a multiple-transmit and receive antennas system. Ba-
sically, when equipping with more antennas, the system’s error performance can
be improved as compared to the single antenna counterpart. More specifically,
when the number of antennas grows, this benefit also gets prominent as the error
probability curve (versus signal-to-noise ratio) decreases in the large SNR regime
at a rate at most proportional to the product of the number of transmit antennas
and the number of receive antennas, as we shall exploit in this problem. This is
the maximal achievable diversity gain of the system.

_1]



(a)

(b)

Let y = [y, y5,....¥%]", where the superscript means transpose. The ML
detection rule for S = [sy,s2, ..., s7] is
Syr =arg_max_log fy(y|S),
S1,82,..,8T
where fy(y|S) = fy(yls1,s2,...,87) = HiT:1 Ty, (y;lsi) is the likelihood func-

tion.
Since the receiver is assumed to know the channel H, we have

E
yi—1/ ﬁszi

2

1
fy:(ilsi) = WGXP _ﬁo
It follows that

T
Syr = arg maXTZIngyi(yi’Si)

S1,52,...,S
IE
Yi — FZHSi

=1
2
2

1=
T

= arg min Z

$1,82,..,8T £
=1

|E

Y -/ =2HS
N

Let’s see a FACT before we go into the derivation.

Let W be an M x T matrix where all entries are independent with w; ; ~
CN(0,Np). Then, Tr(GW) is a complex gaussian random variable with

= argmin
& S

where G is a non-random, possibly complex, T' x M matrix.
(proof)

TH(GW) = Y (GW),,

from which we know Tr(GW) is a linear combination of independent com-
plex gaussian random variable, and is therefore a complex gaussian R.V. It’s
straightforward to see the mean of Tr(GW) is zero.

The variance is

Var(Tr(GW)) = Var (Z > quwqp> =3 Y [Gpgl*Var(W,)
= N D IG,S

= No|lG|%.



With the fact, we can obtain the conditional pairwise error probability (PEP)

as
[E ? E 2
PS® - sWH) =P HY— FSHSU) < Y—,/WSHS@ H,S =S
F F
E . E
= I Badd & IS16); I EalR = 1S10))
P(Tr (Y ,/NHS ) (Y ,/NHS )
E " E
I el = 1S10)) _ o Psrrq® _qld)
<Tr (Y |/ HS ) (Y \/;HS ) |H,S S )
> %Tr [S@HHHHS@ - sU)HHHHsU)} H,S = s<i>>

By inserting Y = 4/ %HS“) + W into the above and having rearrangement
of several terms, it follows

P(S(i) R S(j)|H) = P(Tr [EfI]HHW + WHHE”]

> \/ETr[(S(i) — S(j))HHHH(S(i) _ S(j)):|>
N
= P 2Re(Tr[EH.HHW]> > \/FSHHE 112 | =
2 N LIINE )

where Re(-) means the real part operator and, by the fact, Tr[EZ%HH W]
is a complex gaussian R.V. with mean 0 and variance N0||EfIJHHH% =
No|HE; ;7.

We can let X = 2Re(Tr(EfjHHW)). We know X ~ N(0,2No|HE; ;||%).
Thus, the conditional PEP is given by

E;
P <X > \/NHHEz‘,jH%)

X E
= P<> . IIHEz‘,jH%)

P(sY — sWH)

ox 2NON

_ o /P HE:; %
2 Y

is a standard gaussian R.V.

X

where =
ox

(¢) The average PEP can be upper bounded as

P(SY - sy = E[PES® - sUH)

2
_ PIHE; ;%

< Ele N

)

in which the random term is |HE; ;||%.



By the definition of Frobenious norm, we know

HE ;|7 = [I(HE;)" |
= HE I

= Z 1B 1,12,
p=1

where h,, is the pth column of H¥ with h, ~ CA/(0,1y). Therefore we have
P8 —8W) < E |exp _72 B0, ) |

where the average is taken over h = [h%, h}, ..., h’,]" with a joint density

ool
H —ye (—hlhy).
Thus, it yields
M
P(SY - 8UW)) < F |exp _ZL?VZIHEﬁthHQ
00 p_M
- [Tew{ - ) A

_ /OO yexp{ - ZhH (Lv + 5 P LoE, SB)hy fdhy,

where the integration in the 2nd equality is taken with respect to all com-
ponents in h and, likewise, the integration is with respect to all entries in
h, in the 3rd equality. Setting K~ =TIy + 1 Eij E ; gives

psY — sy < / 7 XD EthK 'h, | dh,
oo 1 M
_ Hyr—1 M
= /_OO I dot (KM exp —pEZlhpK h, | dh, - det(K)

M
_ [T 1 e .
= /_Oopl_[l 7V det(K) exp (—hy, K™ h,) dh,, - det(K)

=1 (intcrgral of a density from —oo to oo)

= det(K)M

M
B 1
~ \det(Iy + %E,EL) |
(d) Since E”Eflj is a Hermitian matrix, we can decompose it to
E,E, = UAU"

where U is a unity matrix consisting of eigenvectors of E”Eflj and A =
diag(A1, A2, ..., An) is a diagonal matrix in which we arrange the eigenvalues



in a decreasing order Ay > Ao > ... > Ay > 0. If rank(Ei7jE£Ij) =r <N,
then there are r nonzero eigenvalues Aj, Ao, ..., Ay
We then can represent the PEP as

. > _M

- (1 (H&Ak))M.

For SNR p >> 1, the PEP approaches

, -M
k=1

Note that when the matrix E”Eflj has full rank N, the error probability
scales with p™™M in which the product NM is the maximum achievable
diversity gain, which can be realized by proper designs of E; ; that makes
the matrix EmEf’Ij of full-rank, or equivalently the matrix E; ; = s —sw)
of full rank N for T > N. (since rank(E;;) = rank(EmEffj)). We see
the design of E; ; is across spatial domain over N multiple transmit anten-
nas and across temporal domain over T transmit time slots. Thus, we call
the design of the codeword matrix E;; as “space-time coding.” Current
WLAN standard IEEE 802.11n adopts the space-time technology in wireless
routers, as you can see the most updated wireless routers in the market are
all equipped with multiple antennas.

4. (10+10=20 points)

(a) The number X of Poisson events with parameter A occurred in the time span
[0,¢] has the probability mass function

P[X(t)=n] = e*/\tw.

n!

Let A be the event that the number of Poisson events occurred in the interval
[0,y] is greater than k. The probability distribution function is

Fy(y) = P[Yi<y]

(b) The probability density function of Y} is

v(y) = dFy,(y)/dy
Ayt
(k- 1)



5. (10 points) By checking the following expansion

=1
n

= D (X =) = n(Xn —p)?,
=1

and taking the expectation

}:uz—xmﬁ = Y B[ )] - nE (X0~ 4]

i=1
= no? —n-Var(X,) = (n — 1)o?,

we can see the unbiasedness of the sample variance.

Extra Problems
You do NOT need to turn in your solutions for the following problems. However, I
strongly encourage you to work through them.
1. (a) Wesee Z+W ~ N(0, A2+ 0?). So, the ML rule is simply choosing X = +1
if y > 0 and X = —1 otherwise. And the error probability
1

&_Q<%@+ﬂ

(b) The likelihood ratio is

)—>0.5asA—>oo.

exp (—U=EED o (- 00

202

exp (— C-GLHAR) | o (= GLAR)

202
% cosh <%)
= exp <O’2> cosh (A(y+1))

Aly) =

o2

So, the ML rule is choosing X = 41 if A(y) > 1 and X = —1 otherwise.
(¢) When A — oo, we have

exp % exp (_22A) = exp 2(y0_2A)> ify>1
Aly) — { exp % exp (_3’24?’ = exp (2=AW if—1l<y<l1
2(y+A :
exp % exp (i—‘g) = exp (7@0—; )> ify<-—1

And, the ML rule becomes

X =1, ify>Aor—-A<y<0
X=-1ify<—Aor0<y<+A.



It follows the error probability is

P, = %P(X:+1|X:—1,Z:A>+%P<X:+1|X:—1,Z:—A>

J&P <X = _1]X = +1,Z:A) + ip (X =X =+1,Z = —A)

= a3) 3% vt -5 e ra ()

— Q<1> as A — oo.
o

(d) In (a), interference is Gaussian so it acts like noise. In (c), interference has
structure so when it is very strong, one can make use of its structure to
distinguish it from the desired signal.



